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(alternating CFG:ACFG)
(alternating PDA:APDA) $[1, 2]$




$G=(N, U, \Sigma, P, s)$
(1) $\underline{G}=(N, \Sigma, P, S)$ CFG (underlying CFG ) $N$
$\Sigma$ $P$ $S\in N$






$\cdots,$ $\alpha_{k}$ $A\in E$ $Aarrow\alpha_{1}|\cdots|\alpha_{k}$ $G$
6( ) $G$ $\epsilon$-free
$\underline{G}$ $G$ (linear) (right-linear)





(iii) $\pi$ $T$ $\alpha A\beta(\alpha, \beta\in(N\cup\Sigma)^{*},$ $A\in N)$
(a) $Aarrow\gamma_{1},$ $\cdots,$ $\gamma_{k}$ $\pi$ $\alpha\gamma_{i}\beta(1\leq i\leq k)$
$k$ $\pi$
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$T$ $G$ (derivation) $T$
$G$ (sentential form) $\circ$
$G$
$L(G)=$ { $w\in\Sigma^{*}|G$ w }
ACFG (alternating CFL
:ACFL) $G$ $G$ left-ACFG
$\mathrm{A}\mathrm{a}\mathrm{A}\mathrm{a}\text{ }$







DTIME$(t(n)),$ $\mathrm{D}\mathrm{S}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(s(n))$ NTM NTIME$(t(n))$
NSPACE$(s(n))$ alternating TM ATIME$(t(n))$
ASPACE$(s(n))$
Reg$=\mathrm{D}\mathrm{S}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(1)=$ $\mathcal{L}(\mathrm{C}\mathrm{s}\mathrm{G})=\mathrm{N}\mathrm{s}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(n)$ ,
$\mathrm{P}=\mathrm{U}_{i\geq 1}\mathrm{D}\mathrm{T}\mathrm{I}\mathrm{M}\mathrm{E}(n^{i})$ , PSPACE$= \bigcup_{i\geq 1}\mathrm{D}\mathrm{s}\mathrm{P}\mathrm{A}\mathrm{c}\mathrm{E}(n^{i})$
CSG $\mathcal{L}$
$LOG(\mathcal{L})=\{L|\exists L’\in \mathcal{L}\mathrm{s}.\mathrm{t}. L\leq_{log}L’\}$
$L\leq_{log}L’$ $L$ $L’$ (many-one reduction )
1.1 $L$(right-linear ACFG) $=\mathrm{R}\mathrm{e}\mathrm{g}$.
1.2 [4] $LOG$( $\mathcal{L}$(linear ACFG)) $=\mathrm{P}$ .
1.3 [4] $LOG$( $\mathcal{L}$ ( $\epsilon$-free left-ACFG)) $=\mathrm{P}\mathrm{S}\mathrm{P}\mathrm{A}\mathrm{c}\mathrm{E}$ .
107
$\mathcal{L}$(linear ACFG) $\subseteq \mathrm{P},$ $\mathcal{L}$ ( $\epsilon$-free left-ACFG) $\subseteq$ PSPACE
( )
ACFG $ $\Sigma$ $
endmarker marker ACFG





$L(G)=$ { $w\in\Sigma^{*}|G$ $w$ }
$c$ $G$ (lenear erasing)
:
$\forall w\in L(G)\exists T$ (T $G$ ) $\forall\alpha$ ( $\alpha$ T ) $|\alpha|\leq c|w|$ .
1.4 [5] $\mathcal{L}$(linear erasing ACFG) $= \mathcal{L}(\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A})=\bigcup_{c>0}\mathrm{D}\mathrm{T}\mathrm{I}\mathrm{M}\mathrm{E}(c)n$ .
$\mathcal{L}(\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A})$ APDA
2 Alternating CSG
ACSG(alternating CSG, ) $G=(N, U, \Sigma, P, S)$
$P$ ACFG $P$
$\alpha X\betaarrow\alpha x\beta$, $\alpha,$ $\beta\in N^{*},$ $X\in N,$ $x\in(N\cup\Sigma)^{+}$
$(\alpha, \beta\in(N\cup\Sigma)^{*}$













ACFG ACSG ( ) (
) ( ) alternation
$0$
$T$ alternation $T$ alternation
ACFG(ACSG) $G$ alternation $k$
$G$ $k$-ALT (k-ALT-bounded) $k$-ALT $S$
ACFG(linear ACFG, ACSG)
$\Sigma_{\mathrm{k}}$-ACFL( $\Sigma_{\mathrm{k}}$-LACFL, $\Sigma_{\mathrm{k}}$-ACSL) $\Sigma_{1}- \mathrm{A}\mathrm{C}\mathrm{F}\mathrm{L}=c(\mathrm{C}\mathrm{F}\mathrm{G})\subsetneq\Sigma_{2}$-ACFL
ACFG $\epsilon$-free
ALT left-ACFG $\epsilon$-free
3.1 [3] $L\subseteq\Sigma^{*},$ $L\in \mathcal{L}$ ( $\mathrm{A}\mathrm{L}\mathrm{T}$-bounded left-ACFG) $ $\text{ }.\Sigma$
L$\in L(ALT-bounded $\epsilon$-free left-ACFG) o
$\mathcal{L}$ ( $\mathrm{A}\mathrm{L}\mathrm{T}$-bounded left-ACFG) $\subseteq \mathrm{D}\mathrm{S}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(n)$
ACFG $\epsilon$-free




3.1 [7] $\mathcal{L}(\mathrm{C}\mathrm{s}\mathrm{G})=\mathrm{N}\mathrm{s}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(n)\subseteq\Sigma_{k^{-}}\mathrm{P}\mathrm{D}\mathrm{A}\subseteq \mathrm{D}\mathrm{S}\mathrm{P}\mathrm{A}\mathrm{C}\mathrm{E}(n^{2}),$ $k\geq 2$ .
3.2 [6] $\mathcal{L}$ ( $\mathrm{A}\mathrm{L}\mathrm{T}- \mathrm{b}_{0}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{d}$ left-ACSG) $=\mathcal{L}(\mathrm{C}\mathrm{s}\mathrm{G})$ .
$\Sigma_{k^{-}}\mathrm{A}\mathrm{p}\mathrm{D}\mathrm{A}\subseteq\Sigma_{k^{-}}1\mathrm{e}\mathrm{f}\mathrm{t}$ -ACSL
APDA APDA
one-way (two-way APDA one-way APDA )
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two-way APDA one-way APDA
31 refinement $0$
3.1 $k\geq 2$ $k$ $\Sigma_{k^{-}}\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}=\mathrm{N}\mathrm{s}\mathrm{p}\mathrm{A}\mathrm{C}\mathrm{E}(n)=c(\mathrm{c}\mathrm{s}\mathrm{G})$
12 linear ACFG
$\mathcal{L}$(linear ACFG) $\subseteq \mathrm{P},$ $\mathcal{L}(\mathrm{C}\mathrm{F}\mathrm{G})\subseteq \mathrm{P},$ $L(\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{A}\mathrm{c}\mathrm{F}\mathrm{G})-c(\mathrm{C}\mathrm{F}\mathrm{G})\neq\emptyset$
$\mathcal{L}(\mathrm{C}\mathrm{F}\mathrm{G})\subseteq \mathcal{L}$( $\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}$ ACFG) ?





(ASG, alternating state grammar)
$G=(K, U, N, \Sigma, P, S, s0, F)$
(1) $K$ $U$ $K$ $U$
$E=K-U$ $s_{0}$ $K$
$F\subseteq K$
(2) $N$ $\Sigma$ $S\in N$
(3) $P$ :
$(p, A)arrow(q, \alpha)$ , $p,$ $q\in K,$ $A\in N,$ $\alpha\in(N\cup\Sigma)^{*}$
$(p, A)$ $(p, A)arrow(q_{1}, \alpha_{1})$ , $\cdot$ .., $(p, A)arrow$
$(q_{k}, \alpha_{k})$ $A\in U$ $(p, A)arrow(q_{1}, \alpha_{1})$ , $\cdot$ .., $(q_{k}, \alpha_{k})$
$A\in E$ $(p, A)arrow(q_{1}, \alpha_{1})|\cdots|(q_{k}$ , \alpha
(4) $\underline{P}=\{Aarrow\alpha|(p, A)arrow(q, \alpha)\in P\}$ $\underline{G}=(N, \Sigma,\underline{P}, S)$ $G$
underlying CFG $\underline{G}$ $\epsilon$-free $G$ $\epsilon$-free
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$G$ ( ) ( ) ACFG
$G$ $K\cross(N\cup\Sigma)^{*}$ $(p,X)arrow$
$(q, x)$ $(r, \alpha)$ $r=P$ $\alpha=\beta X\gamma$ $\beta,\gamma\in$
$(N\cup\Sigma)^{*}$ $X$ $(p, \alpha)$
$(p, \alpha)$ $\alpha$
$X$ $(p, \alpha)$




(i) $T$ (So, $S$ )
(ii) $T$ $F\cross\{w\}$
(iii) $\pi$ $T$ $(p, \alpha A\beta)$ $p\in K,$ $A\in$
. $N,$ $\alpha,\beta\in(N\cup\Sigma)^{*}$
$A$ $(p, \alpha A\beta)$
(a) $(p, A)arrow(q_{1}, \gamma_{1})$ , $\cdot$ .., $(q_{k}, \gamma_{k})$ $\pi$ $(q_{i}, \alpha\gamma_{i}\beta)$ ,
$1\leq i\leq k$ , $k$ .
(b) $(p, A)arrow(q_{1}, \gamma_{1})|\cdots|(q_{k}, \gamma_{k})$ $\pi$ $(q_{i}, \alpha\gamma i\beta),$ $1\leq.i\leq k$ ,
1
(iii) $A$ $n$ $T$ left $(n)$
(iii) $G$ (free interpreted)
$L(G)=$ { $w\in\Sigma^{*}|G$ w },
$L(G;n)=$ { $w\in\Sigma^{*}|G$ w left $(n)$ }
$L(G)=L(G;n)$ $G$ $L(G)$ $1\mathrm{e}\mathrm{f}\mathrm{C}(n\rangle$-ASG,
left$(n)$-ASL( $U=\emptyset$ left $(n)- \mathrm{S}\mathrm{G},$ $1\mathrm{e}\mathrm{f}\mathrm{C}(n\rangle-\mathrm{S}\mathrm{L})$
$(\mathrm{S}\mathrm{G})$ $U=\emptyset$ ASG
[9, 10, 11]:
4.1 (1) $\mathcal{L}$ ( $\epsilon$-free $\mathrm{C}\mathrm{F}\mathrm{G}$ ) $\subsetneq \mathcal{L}$( $\epsilon$-free free interpreted $\mathrm{S}\mathrm{G}$) $\subsetneq \mathcal{L}(\mathrm{C}\mathrm{s}\mathrm{G})$ .
(2) $\mathcal{L}(\mathrm{C}\mathrm{F}\mathrm{G})=\mathcal{L}$ ( $\epsilon$-free left(1) $-\mathrm{S}\mathrm{G}$) $\subsetneq\cdots\subsetneq \mathcal{L}$( $\epsilon$-free left $(n)-\mathrm{S}\mathrm{G}$ )
$\subsetneq \mathcal{L}$ ( $\epsilon$-free left $(n+1)- \mathrm{S}\mathrm{G}$) $\subsetneq\cdots\subsetneq \mathcal{L}$( $\epsilon$-free $\mathrm{S}\mathrm{G}$) $=\mathcal{L}(\mathrm{C}\mathrm{S}\mathrm{G})$ .
(3) L(SG)= .
$\mathrm{S}\mathrm{G}$ alternation APDA :
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4.1 (1) $\mathcal{L}$ (( $\epsilon$-free)ACFG) $\subseteq \mathcal{L}$ ( $(\epsilon$-free)free interpreted ASG).





$\underline{G}=(N, \Sigma, P, s)$ CFG $P$
-G -G $C_{\underline{G}}$ $C_{\underline{G}}$ $C$
$C$ (root-to-frontier tree automaton)
[12] $C$ CFG $\underline{G}$ $C$ $G=(\underline{G},C)$
ACFG( $\mathrm{A}\mathrm{c}\mathrm{F}\mathrm{G}$ with aregular control set)
$T$ -G $val(T)$ $\pi$ $T$
$\pi$ $(N\cup\Sigma)^{*}$ :
(1) $T$ $S$
(2) $\pi$ $p=\{X_{1}arrow x_{1}, \cdots, X_{k}arrow x_{k}\}$ $\alpha$
$P$ $\alpha$
$X$ $P$ $Xarrow x_{1}’,$ $\cdots,$ $Xarrow x_{\ell}’$
$\alpha=\beta X\gamma$ $\pi$ \ell (
) $\beta x_{1}’\gamma,$ $\cdots,$ $\beta x_{\ell}^{;}\gamma$ $val(T)$
(3) $T$ $w\in\Sigma^{*}$ $val(T)=w$
$val(T)$
$G=(\underline{G},C)$ $L(G)=\{val(T)|T\in C\}$
( ) ACFG ACFG
$G$ ACFG $T$ $G$ $T$
(T) $\pi$ $T$
(a) $\pi$ $\pi$ $Aarrow\gamma_{1},$ $\cdots,$ $Aarrow\gamma_{k}$
$\pi$ $\{Aarrow\gamma_{1}, \cdots, Aarrow\gamma_{k}\}$





$L(G)=$ { $w|w$ –G c(T)\in C }
ACFG
References
[1] CFG - ternation- LA
1987.2. :
[2] Moriya,E., A grammatical characterization of alternating pushdown automata,
Theor. Comput. Sci. 67 (1989), 75-85.
[3] Alternating context-free grammar COMP87-15
(1987), 47-52.
[4] Chen,Z-Z. and S.Toda, Grammatical characterizations of $\mathrm{P}$ and PSPACE, IEICE
Trans. E73 (1990), 1540-1548.
[5] Ibarra,O. $\mathrm{H}$ , T.Jiang and H.Wang, A charcterization of exponential-time lan-
guages by alternating context-free grammars, Technical Report No.91-13, Mc-
$\mathrm{M}\mathrm{a}s$ter University, 1991.
[6] Grammatical charcterizations of alternating pushdown automata and
. linear bounded automata, 19962.
[7] Ladner,R., $\mathrm{L}.\mathrm{J}$ .Stockmeyer and $\mathrm{R}.\mathrm{J}$ .Lipton, Alternation bounded auxiliary push-
down automata, Inform. Contr. 62 (1984), 93-108.
[8] Chandra,A.K., $\mathrm{D}.\mathrm{C}$ .Kozen and $\mathrm{L}.\mathrm{J}$.Stockmeyer, Alternation, J. $ACM28$ (1981),
114-133.
[9] Kasai,T., An infinite hierarchy between context-free and context-sensitive lan-
guages, J. Comput. Sys. Sci. 4 (1970), 492-508.
[10] Moriya,E., Some remarks on state grammars and matrix grammars, Inform.
Contr. 23 (1973), 48-57.
[11] Salomaa,A., Matrix grammars with a leftmost restriction, Inform. Contr. 20
(1972), 143-149.
[12] Thatcher,J.W., :Ree automata–an informal survey, in $\mathrm{A}.\mathrm{V}$.Aho ed. ”Currents
in the Theory of Computing”, Prentice-Hall, N.J., 1973.
113
